ABSTRACT: Here we implement microfabricated boomerang particles with unequal arm lengths as a model for non-symmetry particles and study their Brownian motion in a quasi-two dimensional geometry by using high precision single particle motion tracking. We show that due to the coupling between translation and rotation, the mean squared displacements of a single asymmetric boomerang particle exhibit a non-linear crossover from short time faster to long time slower diffusion, and the mean displacements for fixed initial orientation are non-zero and saturate out at long time. The measured anisotropic diffusion coefficients versus the tracking point position indicate that there exists one unique point, i.e. the center of hydrodynamic stress (CoH), at which all coupled diffusion coefficients vanish. This implies that in contrast to motion in 3D where the CoH only exists for high symmetry particles, the CoH always exists for Brownian motion in 2D. We develop an analytical model based on Langevin theory to explain the experimental results and show that among the 6 anisotropic diffusion coefficients only 5 are independent because the translation-translation coupling originates from the translation-rotation 2 coupling. Finally we classify the behavior of 2D Brownian motion of arbitrarily shaped particles into four groups based on the particle shape symmetry group.
INTRODUCTION
Brownian motion as the essential process of diffusion and mass transport is critical to many physical, chemical and biological processes. [1] [2] [3] More than one century after its first theoretical explanation by Einstein, 4 intriguing physics and applications of Brownian motion are still emerging from various investigations. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] For example, by using high precision optical trapping and motion tracking techniques, Franosch et al observed the resonances originating from hydrodynamic memory and the long-sought colored spectrum of the thermal force in Brownian motion, 5 and Raizen and coworkers observed for the first time the ballistic motion at short time scale and the transition from short-time ballistic to long-time diffusive Brownian motion.
6-7
Turiv et al showed that Brownian motion in nematic liquid crystals is not only anisotropic but also anomalous and that the diffusive regimes are strongly influenced by the deformation and fluctuations of the molecular orientational order.
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Colloids of exotic anisotropic shapes are being explored as building blocks for self-assembly of novel materials [15] [16] [17] [18] [19] [20] [21] and efficient carriers for drug delivery. 22 As the symmetry of particle shapes has significant influence on hydrodynamic properties, [23] [24] [25] [26] [27] [28] [29] profound understanding of the influence of particle shape on Brownian motion is important to a variety of problems such as electrophoresis, 30 sedimentation, [31] [32] [33] micro-swimmers, 34-37 molecular/particle sorting [38] [39] [40] and self-assembly. [41] [42] [43] While hydrodynamic theory has been established by Brenner and others for Brownian motion of arbitrarily shaped colloidal particles, [23] [24] [25] [26] [27] [28] [29] particles of simple shapes such as spheres, [8] [9] [44] [45] rods 46 and ellipsoids [47] [48] are mostly studied in experiments. It was only recently that experimental studies on Brownian motion of more complex shaped particles started to emerge. [49] [50] [51] [52] [53] [54] [55] In two dimensions (2D), circular disks represent the highest symmetry D ∞ , and their diffusion can be described by one translational and one rotational diffusion coefficient. Elliptical disks with D 2 symmetry can be described by two translational and one rotational diffusion coefficient. Studies by Han et al demonstrated that while the mean square displacements (MSDs) of ellipsoids in 2D remain Fickian all time, their displacement probability distribution functions are non-Gaussian at short time due to the memory of anisotropic diffusion. 47 The translational and rotational motions for these ellipsoids and other high symmetry particles are decoupled because their center of mass (CoM) normally used for motion tracking is coincident with the symmetry center.
For particles without any symmetry center, the selection of tracking points (TPs) becomes non-trivial because translation and rotation are normally coupled. Recently, we showed that Brownian motion of symmetric boomerang particles is remarkably different from that of spheres and ellipsoids. 54 Boomerangs with two equal arms possess the D 1 symmetry, the lowest symmetry in the 2D dihedral point group. We showed that the mean displacements (MD) are biased towards a unique point, i.e. the center of hydrodynamic stress (CoH), where the translation and rotation are decoupled. As a result, the MSDs exhibit a nonlinear crossover from short time faster diffusion to long time slower diffusion. Their diffusion process in 2D can be described by four independent diffusion coefficients: two translational, one rotational and one coupling diffusion coefficient. However, the Brownian motion of arbitrarily shaped particles with no shape symmetry has never been unexplored, which is a missing element to the complete physical picture of shape effects in 2D Brownian motion.
In this paper, we employ asymmetric boomerang particles confined between two parallel glass plates as a model system for nonsymmetrical rigid bodies in 2D and study their Brownian motion by using high precision single particle tracking. We show that for fixed initial orientation, the MDs are nonzero and the MSDs exhibit two distinct linear regimes with different diffusion coefficients and a non-linear crossover regime. For a body frame fixed on the particle, the translational motions along two body frame axes are normally coupled with rotation. In particular, translational motions along two body frame axes are coupled with each other, which is in contrast to symmetric boomerangs. This translation-rotation coupling necessitates two translational, one rotational and three coupling diffusion coefficients for a complete description of their motion. By measuring the variations of diffusion coefficients with the TPs, we show that there exists a unique point where all three coupling diffusion coefficients vanish. To elucidate the experimental observations, we develop a model based on Langevin theory and obtain excellent agreement with the experimental data. The model further demonstrates that among these 6 diffusion coefficients, only 5 are independent. At last, we classify the behavior of 2D
Brownian motion of arbitrarily shaped particles into four groups based on the symmetry point group of their shapes.
EXPERIMENTAL METHODS
To fabricate the asymmetric boomerang particles, we spin-coated a 17nm film of soluble polymer (Omnicoat, Microchem) on clean Si wafers as the sacrificial layer and then a 500nm film of UV-curable photoresist (SU8, MicroChem). The photoresist films were patterned by using an autostepper projection photolithography system through standard lithography processes.
After developments of the patterned boomerang particles, the Si wafers were submerged in a solvent (PG remover, MicroChem) to disperse the particles and ultrasonic shaking is used to , the vector from the CoH to the TP is denoted as r, the vector from the CP to the CoH is denoted as d, and the angle between r and X 1 axis is denoted as φ. The inset shows a typical processed optical microscopic image of a boomerang particle.
expedite the process. The solvent is replaced by deionized water through centrifugation. A low concentration of sodium dodecyl sulfate (1mM) is added into the particle dispersion for stabilization.
An exemplary SEM picture of the fabricated particles is shown in Figure 1a . The particle used for this study has a long arm of 2.25 µm in length and a short arm of 1.3 µm in length, and a 90° apex angle. The arm width is 0.7 µm. Sample cells composed of two parallel glass slides were prepared with ~1.7 µm cell thickness, which is thin enough to restrict the motion of the particles in quasi-two dimensions. Videos of individual isolated asymmetric boomerangs were recorded at the time step τ = 0.05 s with an electron-multiplying charge coupled device (EMCCD, Andor Technology). Each video contains 3000 image frames. 201 videos for the same particle with the same time intervals were recorded and used for the study.
To determine the position and orientation of asymmetric boomerang particles, we employed a high precision tracking algorithm developed by us. 55 The algorithm finds the central axes of boomerang arms by fitting the intensity profile across the arms with Gaussian point spread functions, and then determine the particle position and orientation by finding the cross point of two central axes and the orientation angle of the bisector line. As detailed in the previous publication, the precisions of our optical microscopy and tracking algorithms are very high, with ±13nm for position and ±0.004 rad for orientation. 55 This high precision tracking is necessary for the measurements of non-zero MDs for fixed initial angle. Based on the fact that the displacements at two sequential time intervals are uncorrelated, we merged the 201 videos into single motion trajectory. The process of merging two videos is to translate and rotate the coordinates in the second video so that the first frame in the second video matches the last frame of the first video.
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Experimental Results
The asymmetric boomerang particles used in the experiments are made of photo curable polymers (SU8) with two different arm lengths and a 90⁰ apex angle ( Figure 1a ). Aqueous suspensions of the boomerang particles are confined between two parallel glass substrates with 1.7 µm cell spacing. A total of 201 videos were recorded for the Brownian motion of a single isolated boomerang particle. Limited by computer memory, each video contains 3000 image frames. These videos were processed and then combined to construct a single motion trajectory by using the high precision image processing algorithm developed by us. 55 The cross point of the central axes of two arms is used to represent the particle position and the bisector line of the apex angle is used to represent the particle orientation. The lab frame and body frame coordinate systems are schematically shown in Figure 1b . To note, the CoM in this case lies outside the Due to the asymmetry of the boomerang shape, the Brownian diffusion is expected to be anisotropic in short time. This behavior can be observed in the MSDs calculated with a fixed initial orientation (θ 0 ) of the particle. As shown in Figure 2c , for θ 0 =0, the diffusion along x 2 axis at short time (t <10s) is faster than along x 1 axis, while at long time (t >100s), the diffusion coefficients along two axes become the same. In comparison to ellipsoidal particles where the MSDs along two axes converge at long times, 47 the MSDs along x 1 are larger than those along x 2 , similar to our previous observations in the case of symmetric boomerang particles.
We also calculated the MDs for θ 0 = 0 and observe that the MDs are positive along the x 1 axis but negative along the x 2 axis ( Figure 2d ) and saturate out at long time in both cases. To ensure that this biased MD is not due to any directional drift in the system, we calculated the MDs averaged over different initial orientations and verified that they are zero over all time. This nonzero MDs for fixed initial orientation is in sharp contrast to highly symmetric particles where the are non-zero only along the symmetry axis.
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To measure all elements of the diffusion coefficient tensor, we convert the displacements in the lab frame into those in the body frame through a rotation transformation:
, where i, j= 1 or 2,
is the displacement in the lab frame between two consecutive time steps and R ij (θ n ) is the rotation transformation matrix. As shown for the symmetric boomerangs, the choice of θ n is not trivial when the TP is not coincident with the CoH, and θ n =[θ(t n )+θ(t n+1 )]/2 needs to be used to obtain proper body frame results. 54 We follow this notation and construct the body frame trajectory using
The MSDs in the body frame grow linearly with time, yielding two anisotropic diffusion coefficients along the X 1 and X 2 directions, D 11 =0.025µm 2 /s and D 22 =0.05µm 2 /s ( Figure 3a ). As expected from the asymmetric particle shape, translation and rotation are coupled; and D 12 approach zero while D 22 reaches its minimum. In another word, all translation-rotation and translation-translation coupling disappear when the point fixed to the particle at (0.88µm, 0.28 µm) is used for motion tracking. This indicates that the asymmetric boomerang particle has its CoH located at (0.88µm, 0.28 µm). 
where θ(t) is the particle orientation. Since φ is a constant, the velocity of the TP can be written as:
Since the displacements of the CoH and r are not correlated,
and the mean displacements (MDs) and the mean square displacements (MSDs) of the TP can be expressed as: is the hydrodynamic resistance tensor.
is the Gaussian random force.
According to the fluctuation-dissipation theorem, the resistance tensor is related to . To simplify the derivations, we scale the random noise by defining
Eq. 5 can then be rewritten as:
The velocities of the CoH in the lab can be obtained through a rotation transformation of the body frame velocities (Eq. 6a): 
and the MSDs of r can be calculated as: 
The MSDs of the TP for the initial orientation fixed at θ 0 can be obtained similarly by substituting Eq. 9 (a-b) and Eq. 12 (a-b) into Eq. 4: By averaging Eq. 15a-b and 16a-b over all possible initial orientations θ 0 , we obtain the angle averaged MDs and MSDs as: 
It should be noted that we have used here ( ) t ' θ as the angle for the frame transformation as in experiments it is different from the instantaneous particle orientation θ(t). Using Eq. 2 and Eq. 6b, we have:
where ( )
are the velocities of the vector r transformed into the body frame.
Considering that the motion of the CoH and that of R 1 or R 2 are not correlated, we can separate the MDs, MSDs and displacement correlations in the body frame into two terms:
From the definition we have:
For a single time step between t 0 and t 0 +τ, the displacements of R 1 and R 2 are respectively
is small, hence we can use the Taylor expansion:
In the continuous body frame (CBF),
. Using this expression of θ′ into Eq. 26a and 26b, it can be shown that the second terms in Eq. 26a-b is zero, i.e.
Then the MDs for R 1 and R 2 can be calculated as:
And the MSDs can be obtained as:
The coupling of displacements of R 1 and R 2 with the rotational displacements can be expressed as:
For t = nτ with n being an integer, the displacements in the body frame are accumulations of the displacements in individual time intervals:
( ) ( )
. The MDs, the MSDs and the displacement correlations are then expressed as: 
By combining Eq. 30(a-d) with Eq. 28(a-b) and 29(a-b) we get:
By substituting 27(a-b) and 31(a-e) into Eqs. 21-24, we get the MDs, the MSDs and the cross correlations in the body frame as:
So the anisotropic diffusion coefficients are:
Therefore from the measured diffusion coefficients with any TP, we can find the location of the (Fig. 2a and 2c ).
We then compare the theoretical expressions with the experiments regarding the dependences of the diffusion coefficients on the TPs. We plot CoM is chosen as the TP, then the diffusion coefficient tensor should remain unchanged when the body frame is rotated with respect to the particle by an angle of θ n =2π/n, or symmetry, the above requirement necessitates that only the diagonal elements of the diffusion tensor is non-zero, or the diffusion behavior is similar to that of an ellipsoids. For particles with C n (n > 2) symmetry, it can be easily seen that when the CoM is conveniently used as the TP, their diffusion behaviors are similar to those of circular disks described by one translation and one rotation coefficients. Given that the C n symmetry is contained in the D n symmetry, particles of D n symmetry with n > 2 behave similarly as circular disks. With the above results for nonsymmetry boomerangs, we can categorize the dependence of 2D Brownian motion on the particle shapes into 4 different cases with diffusion behaviors similar respectively to circular disks, elliptical disks, symmetric boomerangs and asymmetric boomerangs ( independent. Based on these results, we are able to categorize the behavior of 2D Brownian motion of arbitrarily shaped particles based on their shape symmetry.
Single particle tracking in both 2D and 3D is not only widely used in studying colloid systems [11] [12] [44] [45] but also a powerful tool in studying the dynamics of molecules in biological systems such as membrane dynamics 56 and intra/intercellular molecule transport. Corresponding Author * Corresponding authors: qwei@kent.edu; jselinge@kent.edu.
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